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FOREWORD

The number of publications in the field of pressure vessel stress
analysis has increased precipitously in recent years and the information
contained therein, though pertinent, is, many times, lost in this sea of
literature. In addition, a large proportion of the solutions, as presented,
are not carried to the point where they can be used directly for determining
stress distributions. The purpose of this report, then, is to make avail-
~ablea compaét and adequate summary of the formulas and to present them
'in a readily usable fashion for the stress analysis of pressure vessels that
are commonly encountered in missile design, That such a report as this
derives largely from the work of others is self-evident, and it is the
autho='s hope that due acknowledgement has been made of the immediate
sources of all material here presented, However, while most publications
deal with head closures joined to long circular cylindrical shell sections,
this report places equal emphasis on designs in which the circular
cylindrical shell section is short and is integrally joined to head closures
of different shapes and thicknesses. The equations are organized such
that interchangeability of head closures is a matter of algebraic manipu-
lation. It is believed that the material contained in this report will be
helpful to those involved in pressure vessel stress analysis and will be
particularly useful for members of the Structures Section, Solid Mechanics
Department, who are often asked to appraise pressure vessel design
speedily and yet with sufficient accuracy as to insure a degree of confidence
in their appraisal. The material presented herein can also be used to spot
check stress levels obtained from computer solutions.

The author would like to take this opportunity to express his thanks to
Mr. Walter Smotrys of the Structures Section for his assistance in checking
the algebraic manipulations associated with the preparation of this report.
He also wished to thank Miss M. J. McNeil for her computations of the

frequently encountered parameters and the preparation of the associated
graphs,
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Finally, it should be said that, although every care has been taken to
avoid errors, it would be over -sanguine to hope that none had escaped
detection; for any suggestions that readers may make concerning needed

correction, the author will be grateful,
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Report No.
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STRESSES IN THIN VESSELS UNDER INTERNAL PRES.SURE"l

ABSTRACT

Elastic stresses in thin shells of revolution under the action of internal
pressure are presented. The formulas given are developed on the basis
of love's classical shell theory. The pressure vessel configurations
under consideration consist of various commonly encountered head clo-
sure designs integrally joined to circular cylindrica!l shell sections which
may be classified aslong where the characteristic length ofpcl >4.0 or
short where bcl <4,0. In additionto the membrane stresses, the bending
stresses resulting from forces and moments at the junctures of the heads
and cylinders are also presented. The concept of edge influence numbers
is used where convenient to express the discontinuity forces and mo-
ments at the junction. Many important parameters are expressed in

graphical forme to facilitate analysis.

*This work completed March, 1963,
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1. INTRODUCTION

In this report, a pressure vessel will be defined as a container that
must withstand an internal 'preuure. and is in the form of a surface of
" revolution with a wall thickness small compared to the radii of curvature
of the wall (h/a < 1/15). It is well known that in every boost vehicle for
space launching and ballistic missile systems, the pressure vessels
comprise a large percentage of the total system structural weight. Con-
sequently, their design merits considerable attention from the analyst. In
flight, liquid systems will be pressurized either by the acceleration forces
acting on the hydrostatic head of the propellant plus a pressure head for
efficient pumping of the propellants to the engines or, in the case of solid
propellants, by the pressure of the burning propellant gases. In this
report, however, attention will be confined to the effects of loadings caused

by internal pressure only,

Pressure vessels with very thin walls which offer no resistance to
bending would be subjected only to direct stresses uniformly distributed
through the thickness. In other words, the wall is acting as a membrane.

The associated stresses are called "membrane stresses."

However, when the wall offers resistance to bending, bending stresses
occur in addition to the membrane stresses. In pressure vessel design,
bending stresses arise as a result of (a) change in curvature, {b) change in
slope, and (c) change in wall thickness. Bending stresses resulting from _
these causes are called "discontinuity stresses.” These stresses are
obviously most severe at or near the discontinuity. They do not vary
circumferentially because of the presumably axial symmetry of the
" structures and decay rapidly to negligible values in a distance £ > 48

measured from the point of discontinuity on the meridional arc.

From the above brief description, it is clear that in order to determine

the complete state of stress in a pressure vessel, it is necessary to find




the membrane and the discontinuity stresses. These separate effects may
be linearly superimposed.

It is well known to those familiar with the calculation of bending
stresses in shells that the process involved is both complex and time
consuming., To a great extent, the complexity is al'lociated with the
determination of the discontinuity circumferential shear forces and bend-
ing moments existent at the juncture of head closures and cylinder or at

other discontinuities mentioned earlier. Accordingly, a large portion of

this report will be devoted to the calculation of these discontinuity forces
and bending moments. The concept of edge influence numbers is used

where convenient for this purpose. (By 'edge influence number" is meant

the displacement or rotation of the edge of the shell due to unit values of
the edge bending loads or unit values of the pressure.) This concept is not
new. Indeed, Miiller-Breslau used it many years ago for beams, trusses,
etc., and other authors have extended it to shells, such as the works of
Galletly (Ref. 1); Watts and Lang (Ref. 2); Taylor and Wenk (Ref. 3); to
mention a few. Having the edge influence numbers will greatly simplify
the stress analyst's task in formulating the compatibility equations at the
junctions of head closures and cylinders.

Appropriate expressions have been included in this report to permit

the determination of strecs distribution throughout the shell.
The following assumptions are employed throughout this report:

{a) The material under consideration is assumed to be a verfectly

elastic, homogeneous, and isotropic solid.

{b) The load is assumed to be entirely due to internal pressure, so

that support, dead weight, and similar loads are completely
neglected in this report.

(c) All heads are considered to be complete (without holes) and to be

free from any stress raisers other than the head-cylinder
juncture itseif,

C

e e+ e




U

(d) Each cylinder and head closure is assumed 1, have uniform

thickness (although the thicknesses necd not be the same).

{e} The middle surfaces of the cylinder and head at the juncture

are assumed to be continuous.

Before we proceed to the main portion of the report, it is important
to recognize that the formulas presented are derived on the basis of the
elastic behavior of the shell materials, so that when the highly localized
discontinuity stresses calculated by these expressions exceed the elastic
limit of the material, local plastic deformation in the region of the junction
of the cylinder and head will take place. This plastic deformation prevents
stresses of the calculated intensities and, in areas where it is possible for
plastic flow to occur, the maximum stress may be limited; the high peaks
indicated by elastic analysis will generally be redistributed and increase

the stress at nearby points,

One might therefore challenge the value of the elastic analysis. The

following statements may be made in its defense:

(a) The high stresses indicated by elastic analysis are valuable

since they point out potential trouble spots.

(b)  The elastic analysis is needed to define the areas where plastic

flow may occur,

(c)  Although high local stresses in steel or aluminum vessels are
frequently relieved by plastic flow, a good design cannot always
rely on ductility as insurance against the bad effects of sharp
corners and other stress raisers. For low temperature
6peratioﬁs, some normally ductile materials become brittle

and failure as a result of this brittleness can occur.

-3~




2. MEMBRANE THEORY SOLUTIONS

A tabulation of Membrane Theory solutions for pressure vessel

configurations of practical interest under the action of internal pressure i¢
offered in this section.

2.1 Thin Circular Cylindrical Shell Under Internal Pressure

'o'?
o B (-3)

where o = hoop membrane stress
L meridional membrane stress
- radial displacement

p = uniform internal pressure

«5e
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a s mean rét!liu of curvature
h = shell tlﬂckneu

i et -

E = modulus of elasticity

v = Poisyon's ratio

2.2 Thin Spherical Shell Under Internal Pressure

Mevidian

where o = hoop membrane stress
v ’ = meridional membrane stress -
u, = radial displacement

P = uniform internal pressure

-6-




a = mean radius of the spherical shell
h = shell thickness

E = modulas of elasticity

v = Poisson's ratio

2.3 Thin Ellipsoidal Shell Under Internal Pressure

c, a¢

. whe + v4yH1 2
i

bZ

R = (14:(2 + b4’2)3/2
r4 14‘,4

-7



_PR,
Te " TH

172

. p(l4xz + b‘yz)
2b°h

PR, [ R,
o, = ] = o
o "h 2R,

- p(a4xZ + b4vz)l, 2 a4bz
= 2- 12

2b%h at? bty
RD
ur = T((ro - "’0'¢)
- psin¢ l(z . V)(a4x2 + b4yl) R aAbZ]
2bEh

(a) At the equator: y=a, x= 0, ¢ = 90°

-8-
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where € = hoopmembrane stress
v ¢ = meridional membrane stress
u, = radial displacement

p = uniform internal pressure

»

= semi-major axis of the ellipsoidal head, messured to the
middle surface of the shell

b= nr'ni-mln;:r axis of the ellipsoidal head, measured to the
middle surface of the shell

- 2

= .lhelll thickness
E = modulus of elasticity

v = Poisson's ratio

R
1
R Principal radii of curvature of the ellipsoid
2
x
Cartesian coordinate system
14

2.4 Thin Conical Shell Under Internal Pressure




8
LI %— tana
s
L gﬁ tan a
.2 sin a tana
u =, T 2 -v)
where ¢ = hoop membrane stress
v, = meridional membrane stress
u, = radial displacement
p = uniform internal pressure

h = shell thickness

s = distance of a point of the middle surface from the vertex
measured along a generator

E = modulus of elasticity

v = Poisson's ratio

-10-
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2.5 Thin Elastic Simply Supported Circular Plate Under Uniform Load
Over Entire Surface

s

: 2
3pa
At R "'_51?(3”)(1'7)

2
p (34v) - (14+3v)
" o [ 7]

y=2212i3.__w[‘z (5+v)+R‘ (+v)-REGB+v)
B |2 ul

-11-



At center: €. Tg and y attain their respective maximum values, and are

given by:

apat 1oy (54 )

where o¢_ = unit stress at surface of plate in the radial direction and is
positive with tension at the lower surface and equal compression
at the upper surface ‘
0, = unit stress at surface of plate in the tangential direction and is
positive with tension at the lower surface and equal compression
at the upper surface

y = vertical deflection of plate from original position and is positive
for downward deflection

p.= uniform pressure over the surface of the plate
h = plate thickness

E = modulus of elasticity

v = Poisson's ratio

a = outside radius of plate

R = distance to any given pcint on surface of plate

-12-
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U 3. BENDING THEORY SOLUTIONS

A tabulation of Bending Theory Solutions for pressure vessel
configurations of practical interest under the action of various edge loads
is offered in this section.

3.1 Circular Cylindrical Shells

The following signs convention for the rotation and deflection are used:

Positive Deflection - radially inward with respect to the
center line of the cylinder

Positive Rotation - clockwise viewing the upper cut of
cylinder

These signs are graphically represented below:

Signs Convention

The following nomenclature is used in this section:
L meridional stress
oo = circumferential stress
u,s radial displacement

0 = slope

©.13.
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ah
~ D = flexural rigidity of the shell

Where * signs occur in the expressions for stresses, the upper sign refers to
the inner surface of the cylinder and the lower sign to the outer cylinder.

The following notations are introduced for convenience:

Notation . Description Plotted on Page
ﬂl e.px sin px 63
8, e PX cos px 64
a, e'px(sin Bx + cos Px) o 65
a, e'px(cos Bx - sin px) 66
95 sin px sinh px 67
Q ’ sin px cosh Px 68
97 cos #x sinh px 69
08 cos Px cosh px 70
sin %‘- sinh %—l-

L sin pI + sinh B2 7
sin %ﬂ cosh %ﬁ

%0 s BT ¥ sinh BT 2
cos %i sinh %5

9 3in pL ¥ s1ah pI 73

-14-




12

13

14

15

16

17

18

19

20

21

22

23

Description

cos %-‘- cosh E;

sin pl + sinh pI
sinh g4 - sin B4
sin ff + sinh f
cosh B4 + cos B!
sin Bl +

cosh B! - cos p2
sin pI + 51

sinh p£ cosh Bl - sin B4 cos p1

sinh” pl - sin” pl

sinh g2 cosh p! + sin pf cos gl

sinh® Bt - sin® pt

cos B! sinh B - sin § cosh gt

sinh® B! - sin” p!

cos B! sinh Bl + sin B! cosh pf

sinh” B! - sin® pt

sinh? B! + sin® gt
sinh® pt - sin” pt

sin B4 sinh p!
sinh® Bt - sin° pt

sin gt
sinh® B! - sin® pt

sinh® g1
linhz Bt - lil'lz pl

-15.
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3.1.2 Uniform Radial Shear Qo Lb Per Linear Inch of Circumference

at End of Long Circular Cylindrical Shell

zQ

2]

oo = —2(Ba, t-;-;ﬂl)

Q
Yr ® ‘—g"“z
2p

o

-16-
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3.1.b Uniform Radial Moment M o In-Lb Per Linear Inch of Circumference
at End of Long Circular Cylindrical Shell

+M,

g —=%

M
u_= -—-20-04
r 28D
M

0= |a°n2
* Mo
Yrix=0) ° ';67;

0 Yo

{x=0) ~ BD
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3.1.c Short Circular Cylindrical Shell Bent by Forces Distributed Along J

The Edges
1) Equal Edge Forces

a, a,
[ l
o
" £ /4
a [z

lZQ

= ET(Q gl - 952 5)

[aa(n 0y + 00, ,) tB-E(Q 2, - 0.0 z’]

Q
—;—(ﬂ ﬂ +9Q le)

=
)

gD
QO
Q,

u = . ——3—0

: Q, , ' )
! . .
; °(x=*l/2) =¥ _Z—Zp 913 ‘\)

; -18-




2) Unequal Edge Forces

Q, Q.
.| .
T

TomtSs] (a8 2,00 Rg- (Bt Ba ) e
- (0, 8.t S8R 5]
Ty = %{ po.[nﬁ(nua‘-n,,a‘)mh.,(.n.,,a i)t
D& tst"’nanl)] % %[“7 (ﬂud;" n,8)-
| (R 0=y, ) - (g0~ D ,‘a.)]}
Uy = - ;%'_';[(LL,,Q; 0,80+ (D@, 052,)0,+
(@ “Q,f,ﬂ,uﬁ.).ﬂ..]
0 == [ (R0 2B XAt )+ (S8 R N )
# (N8t n.‘a.)(n,-.n.‘)]
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Ur(x=0) * 2_613; (0,50, + 9),9))

Ox=0) =" -z-p!zB (205, Q, - f0Q)
U (xst) T '2“;13;, (9,49, *+ 9,59
Oxet) = - = (500, - 20,,Q))

o~
A ]
o

3.1.d Short Circular Cylindrical Shell Bent by Moments Distributed

Along the Edges
1) Equal Edge Moments

TN ;
o

NV
X

Nie
y
N~

_—k

Z2/7 \
r.‘—
I
_/
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o= 2 2 [(-Q-.,'* Do) N y- (n.,-.n...)n,]

G (R0, (0000 8O0y
) 2,0
-vf": - -%é—[(ﬂ“fil‘,)ﬂg* (-ﬂ\.'nw)'ﬂs]

2M,
6 =- 'P_D' (o f, ¢ 2.0,

R |
“"'(""‘"i) zpzo

0 (xnsf)™ F o Mol

2)  Unequal Edge Moments

oY
! E
R

—-i——
r~
—i_;
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£ —:; [(M,-ﬂ-.n -™M, 4, n)( J‘l,e-.ﬂ.,) - (M..(L,,-ZM,R,,).Q.,'} M‘.ﬂ.‘] J

T = %{P%[M\ns-m.n-n- Nua X Do)t B2 )
+ ?-hz [-(M5 SL,,- N\,_D. ﬁ)('n‘i.'n' 7)--O'JM|Q:: ZMZQ»“)‘\' MIS\‘Q]}

U i (MR K)o M

|
6 = ;E—D[Z -n-s(Mrn'n' Mally) = (M Dyem2M, S).u)(.ﬂ,.f-ﬂ‘)
- M |('n'6* ‘-(2'7)]

-u-r(x-.): - -Z-F'-l-B[MVn"ze- zMZ'ﬂ'll]
| . , .
e(x:o) - '_FE (M..ﬂ.n“ M““‘\S) J
|
—ur(x-l) - ;@'&_B(ZMVQ'M- Mz'n‘zo)

e(z-t) = '_@LS (MI'D‘IS_ M,.Q..,-,)

3.2 Shells of Surfaces of Revolution

The following signs convention for the rotation and deflection are used:

Positive Deflection - radially inward with respect to the axis
of revolution of the shell

Positive Rotation - clockwise viewing the upper cut of the
shell

-22-




The nomenclature used in this section is:

04"

=

|

meridional stress

circumferential stress

radial displacement

slope

angle between axis of revolution aﬁd normal to wall
mean radius of circumference of discontinuity circle

radius of curvature of the section perpendicular to the meridian
at the point in question

radius of curvature of the meridional section
3(1-v%)
th

flexmal rigidity of the shell

Eh>

lZ(l-vz)

uniformly distributed circumierential shearing force at the
shell edge perpendicular to the meridian

uniformly distributed circumferential bending moment at the
shell edge

distance measured along the meridian of the shell from the edge
to the point in question and is positive away from the junction.

summation

Poisson's ratio

«23-



The signs convention and the pertinent notations are shown below: J

Signs Convention and Notations

Pxis of Qeuelution

Principal Radii of Curvature of Shell J

-24-
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Revadntien

Q

Notations in Shell Analyseis

Where # signs occur in the expressions for stresses, the upper sign refers
to the inner surface of the shell and the lower sign to the outer surface of the
shell.

3.2.2 Uniform Normal Shear Q o Lb Per Linear Inch of Circumference
at End

.25.



(L-v )cot ¢
2 IE1‘55["“] ”

Qsm¢

“r(§=0) = -_—Z-pTD—-(l 'TT cot ¢ )

Q, sing

] = . _——2—

3.2.b Uniform Radial Moment Mo In-Lb Per Linear Inch of Circumference
at End

-26-




{1-v Jeot ¢
ﬁ R E VRQ3 —T’uzll

r(;_o) = - _Tﬁ sin ’ .

M
o

¢-0)" " BD

In applying the above formulas for the determination of stresses and
displacements for shells of surfaces of revolution, we note the following
geometrical relationships for two of the most commonly encountered head

closure designs; viz., (i) full hemispherical head closure; and (ii) full
ellipsoidal head closure.

(i) Full Hemispherical Head Closure

-27-



If a is the radius to the middle surface of the hemispherical shell, we have

the following geometrical relationships:

R1=R2=R=a
2
4 .
B = 31-v)
a“h
t=2(3-9)
9, = 90°
si}1¢o=l
cot¢o=0

(ii) Full Elipsoidal Head Closure

}“t

-28-
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Let a and b represent the semi-major axis and semi-minor axis of the

ellipsoidal head closure. Then the following geometrical relationships exist:

. 4

- (17 llnz o+ bz ccnz Q)”z

- (a-‘yz + b‘xz)”z
bZ
2
R, = 2
2 (az sinz ¢+ bz cosz ¢)”z,
C. (a‘:'yz + b‘xz)}lz
a‘b4
R=a
’o - 9¢°
sin $ = 1
cot 0
d§ = R,de¢

For the case in which the shell of surface of revolution is a right circular

cone, the formulas for stresses may be more appropriately represented by
the following expressions.

-29-



3.2.¢ Uniform Radial Shear Q o Lb Per Linear Inch of Circumference at
End of Right Circular Conical Shell

3 X )
d;-= ;—\:\- C|[bef‘§ ¥ :;(gbtl'zg +'va€\z§)] +
C‘[bt:zg x ’i? (2 bev"-g t 22 ber, g)]}
a=0c [-L Sher'g ¥ -3—(2be§ g+ vtbe:';)]i—
I] SL. [} I A 2 ,"‘2 2 ’ T
c,[-’i $bel sk %(z ber,$ + 2§ bev, g)]}
where C = Q°s‘s“nd (;.be'z' S.r2w be'z'gt)
. k5
3. (ber, 2, ber, f.fhe:li.be:;!,)+2v[(bt"z§.) +(be:,s.j]
Q,S,Smat (I bel) S 420 kel 1,)
C,=

§.(ber‘§.bh"!. + \,e:tg‘ be 1; g,) ¥ Zv[(bevzgo)i (‘*ks,)z]

"= \/4 12(1-2%)
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3.2.4 Uniform Radial Moment M o In-Lb Per Linear Inch of Circumference
at End of Right Circular Conical Shell

Ty

‘ same expressions as for case 3. 2. c except
o
0

ZM,m s, bel, 3,

C = -
h { 3.( bee S, bg,,; $,+bel S ‘be:"g .) + 20 [(bevli .)tf (lni ;i.)zﬂ

\

2!“4.’”3{S.b¢‘}_§.
Cem

2
h { 5.(ber, 8, bee) 5,0 bei S bei 1, )r 20 [ (b 50 (b, 5.) n
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3.2. ¢ Bending Stresses in Cone Loaded by Uniform Internal Pressure p

When there are no edge shears or moments, but the edge support
condition is such that it is not the same as that necessary for the membrane
condition, bending stresses will be introduced. The magnitudes of these

stresses may be obtained from the following equations:

I = ;l‘—‘ Q'[bevlg ¥ %-(?, bei 4 vat:,g)]"’
. . . 3“'0.\6
c,_[ bei,t (ibev $+ 2vber i)]} 4(‘_1))
= 1
0-6- T[ [ Ther's ¥ —"'(Zbe- §+v§be:;§)]"'
cz["!z' Tbe S % -; (2bev3+ v§be~r,'!)]} x i—xr::; r

where

rs ‘hnd[Zs S\nd(! bev's +‘2-pbev 3 )- ln_k;tﬂ beits.]

C=-
\
4{ §.(Leva!. ber;_g.‘\' \:e:,}.\xi: ;.) + 22)[(\:21"3.) + (bd t5.)7']}

T O
ps, Yana [Zs.s’...'“d (3.beils v2bei 5.)r _"_'_::-*_3*.“_ h,‘g.]

C,==

2

4{3 (bentiberys s bei 8 bei 15, ) ¢ 29[ (e 8 (b, )]




3.3. Circular Plate with Uniform Edge Moment M_ In-Lb Per Unit Inch of

k; Circumference

At Any Point:

i 0
A
upper sign refers to the inner surface
6M and lower sign to the outer surface.
- 0
o= t—T

6(1 - v)@a% - rR® M_
ve Eh°
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2
6(1 - v)a Mo

At Center: Ymax © T

) 12(1 - v)aMo

At Edge: 1] 7 —
At kege: ) Eh
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4. SOLUTIONS FOR DISCONTINUITY SHEAR FORCES

AND BENDING MOMENTS

A tabulation of solutions for discontinuity shear forces and bending

moments for pressure vessel configurations of practical interest under

the action of internal pressure is offered in this section. The positive

sense of these discontinuity forces is defined in each of the figures

associated with the particular pressure vessel configuration investigated.

The following nomenclature is used in this section:

~=mean radius of curvature of the circular cylinder, inches;

internal pressure, psi;
modulus of elasticity, psi;

Poisson's ratio

uniformly distributed circumferential shearing force at
the junction, 1b per inch;

uniformly distributed circumferential bending moment at
the junction, in.-lb per inch

shell thickness, inch;

31 - vd)

a ;.

1

Eh
1201 - v?)

flexmal rigidity of the shell

4.1 Two Long Cylinders of Unequal Thickness

Fig. 4.1.1. Two Long Circular Cylindrical Shells of Unequal

Thicknesses under Internal Pressure
«35-



0 ‘P
Rl

Fig. 4.1.2. Forces and Moments at the Junction of the Two Long

where

Unequal Thickness Circular Cylindrical Shells.

28,Q, - 24y
- ; (hy>h,)
PEE-V) (il ez %ic+ 1) 1772
2
WMo et - : > b
PE-v) (lanfaz e 1772

c = thickness ratio hllhZ

The above equations are presented in graphical forms on Pages 59 and 60.
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4.2 Two Long Cylinders of Unequal Thicknesses and Mismatch of the
Middle Surfaces

Q,
Fig. 4.2.1. Two Long Circular Cylindrical Shells of Unequal
Thicknesses under Internal Pressure with
B Mismatch of the Middle Surface
%ll(c -ty +damplcz(c”2 +1)
Q = P
° RETLIPRILE
2=V -1mief - 1) +%damcz(cz 2212 4y
49
1
M = P
o1 (f+ 1)+ 27 %c + 1)
M .:=M_,+idpa
0,2 0,1 " 2 P m
where ¢ = thickness ratio "1/“2
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3

Graphs of Qol da_8,p and ZM l/ da_pasa function of hl/hZ are presented
on Pages 61 and 62. The Q and M_ , thus computed may be superposed to
1

those calculated for Case 4.1.

- 4.3 Long Circular Cylinder with Circumferential Ring Stiffeners
‘| [ t‘
RNG‘\Q
7

-——'\

i

SHEW J

Fig. 4.3.1. Long Circular Cylinder with Circumferential
Ring Stiffeners under Internal Pressure

Fig. 4.3.2. Forces and Moments at the Junction of the Circular
Cylindrical Shell and the Circumferential Ring J
Stiffener ‘
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oy

h
8,2

1)

28| 3=

2. 2
p[‘(zz' v _(:z +a’, ‘)J
-a
Mo= 2
+
a

Qo = 26M

4.4 Long Circular Cylindrical Shell with Many Equidistant Circumferential

Ring Stiffeners

Fig. 4.4.1. Long Circular Cylindrical Shell with Many Equidistant
Ring Stiffeners under Internal Pressure

2 2
b +a
[a(l-%)-h(b -a +‘)]P

M = i
° 4p0 hbﬁz"‘z+ + pan 2ptan
Plsl e\ gz 2+ ") P2t~ % 3%,

Q, = 282y M

WO s e



_ sinh g1 - sin 81

where 03 ° Smh 8T T s BT

Q.. = cosh g1 + cos 8!
14 ~ sIinh BT ¥ sin pl

_ cosh B! - cos g1
15 ~ sinhBl - sin BI

Graphs of 913, 914 and 915 are plotted on Pages 75, 76, and 77.

4.5 Long Circular Cylindrical Shell with a Flat Head Closure

' TM. M.T |
I Z(7F/I//(/}//(J}N.:é

| P

Fig. 4.5.1. Long Circular Cylindrical Shell with a Flat Head
Closure under Internal Pressure. The Forces

and Moments are shown in the Positive Sense
above. ‘
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(33 - 34) (bl - b4) +b, (as - al)
Qo : zpa —E - 35) (Bz - bs) - 132'36) (bl.b4)

. (a‘1r - 33) (bz - bS) + b3 (az - 36)
M, = 4pa®|Tay -agl (b, -Bel - 12, -ag) (b =B

_ 6a _6(1 -v
where a.l--rz(l-v) bl.—z———l
8 h,
a,=2(1-v) L 3-v)
2" 2pan,
‘3’1‘631%'“"”
2 oL 30w
B} 37 16p%n;h,
ha (2
- -V
)

_ 2
b4 = - ZBa(hz/hl)

1 2
by = - >(hy/h))

h 2

2 431 -v%)

a, = -—fa p :_—z—r
6 hy a'h

1
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4,6 Short Circular Cylindrical Shell with Equal Thickness Flat Head

r\

~
E4
o

=2

Closures
Qo Q, Q, Q,
M, M,‘ Thickness b | M M,
AN N 4
7 “'e‘ﬂ‘ﬁﬂ‘f TN Y
___§:P Ll v ::S_T_
\: [ l l l ‘ l l :\\1k2cka¢ss h,
N 2 2.2 7 727 7 -
.M{: N

2]
-]
)
o
12
-4
o
o

Fig. 4.6.1, Short Circular Cylindrical Shell with Equal Thickness
Flat Head Closures under Internal Pressure. The
Forces and Moments are shown in the Positive Sense
above.

qQ - Zpa[ (aj-az) b, -byR2 ) +byla;2,5-2))
o (a;-a50,,)(b,-bs2,5) - (2, -a,2,,) (b, -by0, )]

M. - 4pa? (ag-a3) (b, -bgQ,5) + byla, -a,Q),) ]
o (@) -agQ2 5) (b, -beQ, ) - {a,-2,2 ,) (b;-b,2,c)

where a, through ac, bl throughbs.and @ have been previously defined
(Case 4.5) and 913, 914' and 915 are defined in Case 4.4,
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U 4.7 Short Circular Cylindrical Shell with Unequal Thickness Flat Head
Closures
Q, qQ, Q, Q,
“Thickness M. M‘ 1 i“‘&-m ‘\g, ) M; ",
h‘\ ‘ l _:‘I% v A & W 4 v .4 N ‘{'
N, Y TN L
\\ - r N @
A\ . N L
N _ _.§\
p—— Thick h
\);.- (H l U {\ s
VAN . "
M, M, 2 } M, “
Gl Q, e, Qz
Fig. 4.7.1. Short Circular Cylindrical Shell with Unequal Thickness
— Flat Head Closures under Internal Pressure. The
Forces and Moments are shown in the Positive Sense
above.
- _— . 7 -Ir
AZ n‘zo- A\\ A‘l'n‘tl AS‘“’&: A\z AS‘O‘IL [N
M - sh
| P 2t 2pa 2 »
P t P ™
: P nn As n‘zo’ P ﬁ_‘_‘(}_‘l ACSS; Pae, A“
M. 2pat Apat 2pa 2pa Nﬁ
- [ ]
a Adg-Ry  Plls Reflohe  Relly, A
' 4-'m‘ 4ra" Zpa r* °
a A 9'“" (1) AQ'“ iy A!O Ah‘n‘u Aﬂ'n"n: Ay, At
) - Y T - *
Apn 4 Pa 2ra
- — r P , - L
( 4
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. oo

94 = sinh p? coaéa gl - linzﬂl cos B! and is plotted on Page T8,
sinh” g1 - sin” B! :

. sinh B! cosh gl + sin Bl cos B! and is plotted on Page 79.

sinhz gt - sinz g1

09

. cos pf sinh gt - sin Bt cosh p!
sinhz 8l - sinz Bl

Q4 and is plotted on Page 80,

gin pf cosh ! + cos B! sinh B!
Tg = z Z
sinh™ g! - sin~ Bf

and is plotted on Page 81 .

_ginh? B1 + sin® pt
LT ey
sinh” g! - sin~ B!

and is plotted on Page 82.

sin §f sinh p{
sinh® B! - sin® B!

and is plotted on Page 83,

[y
—
1

4.8 Long Circular Cylindrical Shell with an Ellipsoidal Head Closure

Thickness hy

y Suily ST S S S S y . ‘N

e A
Q, a,

Fig. 4.8.1. Long Circular Cylindrical Shell with an Ellipsoidal Head
Closure under Internal Pressure. The Forces and
Moments are shown in the Positive Sense above.
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Q° ) - 3 212
ﬂ%[{z-”)(%'l)+§] {:l 1—(.&)?}[“(% E]"'z[l-(—:)]
M. - _»:_\,j
)8 QT
where o300
¢ %]
Eh’
Y —

12 (1 -v7)

The above expressions for Qo and Mo are plotted as functions of hl/hZ

on Pages 59 and 60.




4.9 Short Circular Cylindrical Shell with Equal Thickness Ellipsoidal
Head Closures '

.f-.--_.-.-.-.- 'f'_ a——— - 3 '.'zp“-'i

Fig. 4.9.1. Short Circular Cylindrical Shell with Equal Thickness

Fllipsoidal Head Closures under Internal Pressure.

The Forces and Moments are shown in the Positive
Sense above. ‘

Q= 2pa [ faz-a,) (b -b %) ]
- 2 - - - -
° (o, -ag ) 3i b, b By ) - (2, -a ) )by =B 82yq,

e

M

L1

4pa2[ (ay-a,) (b, ~b 2 1) ]
- [ 4 - [k - - 1 -
© | Tay a2 o, B ) - Ta, -agu 43 b, - b 82 )
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where

[
]
"
'
IR
[
—_
—
[}
<
N
—
o
—
n
.\1 R
<
w
—
—
t
<
~
-~

bz .. 31 -v7)
&Bcahl
2
21 a
ag = 82 bz v) )
h
_ 2
b4 --Zﬂca<h—l->
. :-‘.‘3<5;:>
4 hy\ 8 ,
12
b = --fL
h 5 2\h;
__Z_zﬁzaz
ag * 1€
ot 301 -vh
h ¢ a'h
a —-—gﬁa !
6 hy'c
4301 -4}
Be =
() ah2

sinh B - sin pf
13 ~ sinh 8T + sin 81

and is plotted on Page 75.

cosh Bl + cos p!
14 ~ sinh I + sin BT

and is plotted on Page 76.

cosh B! - cos !

and is plotted on Page 77.

5 * Sinh 8T —sin Bl



4.10 Short Circular Cylindrical Shell with Unequal Thickness Ellipsoidal

Head Closures

&

Q‘ a‘ “Thickaess Q 2 Q T
Thuickness ™, | /'\»,_ M, M,_{ L
\h| No‘-é' flir 17 f/ f %‘N.‘ \
' ‘ L { ‘ ‘ 1 ] 2 \
N‘ 2 772 22 N‘
]
M, | M, M,
Q= Q, qz Gl
LQ-——-—- 1 i --b-—
Fig. 4.10.1. Short Circular Cylindrical Shell with Unequal
Thickness Ellipsoidal Head Closures under
Internal Pressure. The Forces and Moments
are shown in the Positive Sense above.
r = -
A0 Ay AR g2 A4 1g
M, - v 7p3 Zpa
4pa 2pa; P B P
' TS, AgflygtAyy Af g A 16-As
M, - X 75a Y
2pa 4pa P P
a Aflyz-A) Al Aglo-fArg | Ay
1 4paZ 4paz Z2pa pa
M [ - -
a Ay Agiyg-Ay Ay A10%20 =420
i 2 ] i _‘paZ 4pa2 pa pa
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where

>
™

"

1

oo
:l.—'

w
Y

>
-
H
'
™~
-l
&
/"\
31
\'/‘\J

2a 2
1 “q\/;“‘")

The functions 916 through QZI are identically‘(lefined as those for Case 4.7.

2p
BchZ
A - V3o oY
18~ ° Z
28 ah
c 2
e
_“P3g 2
Alg-—‘—z-— 3(1“')
pchZ
~ 2
Al0 = -jtgl -v')
Zﬁcah2
4 _3(1 - vz)
BIO - h
an
;34 _3(1-v2)
30" 22
a h3
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Lo 4.11 Long Circular Cylindrical Shell with a Hemispherical Head Closure
H L

Q.

Thickness hz

Fig. 4.11.1. Long Circular Cylindrical Shell with a Hemispherical
Head Closure under Internal Pressure. The forces
and moments are shown in the positive sense above.

- M. _ - }‘\"_Y
W3Zp [ h B A A - IR A
] [T O
L ey
e BRI RO REQ)
. 30-2Y) Eh,
where ,‘3: = a"ln.:" ) Dg ‘z(‘_vz)
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4,12 Short Circular Cylindrical Shell with Fqual Thickness Hemispherical O
'Head Closures

QO Go Go Q.
1

M, \T\\‘&meu W, M, ™M,

TR

Nee———
| g
| SO
et
-
4

N g )'N Thickness 1‘\;

Mo me ™

Fig. 4.12.1. Short Circular Cylindrical Shell with Equal .
Thickness Hemispherical Head Closures J
under Internal Pressure. The Forces and
Moments are shown in the Positive Sense
above.

The formulas for Qo and Mo for this case are identical to those for Case 4.9.

The dimensionless influence numbers ags 3y, 0 - - o, bl’ e e . b5 etc.,

are also identical with the exception of ag, where for this case,

1
a3=-§(] -V)
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LSNIERION T

4,13 Short Circular Cylindrical Shell with Unequal ‘Thickness Hemispherical

Head Closures

Q, T\ Q, Q

M M \'\’\\ic\:ﬂu \‘l M,

VA WA 4

i1

L]

P T

“Thickness h

Fig. 4.13.1, Short Circular Cylindrical Shell with Unequal
Thickness Hemispherical Head Closures
under Internal Pressure. The Forces and
Moments are shown in the Positive Sense
above.
The formulas for Ql' Qz, Ml' and Mz for this case are identical to those
for Case 4.10, The dimensionless influence numbers A13 and Al 6 must,

however, be changed to the following

A = A

.1
132" -V

PO S —



4.14 Long Circular Cylindrical Shell with a Conical Head Closure

h,-} ,*, ,‘ ,L J ,L %‘N Thickness b,

Fig. 4.14.1. Long Circular Cylindrical Shell with a Conical Head
Closure under Internal Pressure. The Forces and
Moments are shown in the Positive Sense above.

- by(0 +04) + (a4 ac)(loy-b,) |
_(a 0, )(bemby) + (b, )(@ a5)_

[ (ayrac)(b bs)- by(A2+4s)
L(a |+ a4)( bs'bz)* (bl- \94)(02* a 5) ]

T
where o= - b, §, tand sina
' 2
i e -2
a = - 4 2 S;V\d
z cr2vk
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as & Secot +—*“V\d" <

4 . Secal
bom - —2G I tana
\
Ct+2»& 4
b = - LY S
: cCt20G
bb-' ( 4) E‘Cuerfo\ +-_§_”..d. _ 3 SecdCucca
g‘ 4 2 gt
A= g.(\nvz' §, be S - \ae:; g, bev, !.)
B =

(bevs 5) + (bei! )

2.(bev,fobevy 5.4 bei, g beil 1)

@
i

G = (ber, 1)+ (bei 1)
g.” = 2 WV% Cet ol Cosecar
‘ 2
h T 2
»14= -2 ;.:'. Fc a
Q. =

-t Ra
)

h
Q)
o= =R

9
i

h, \
s e (3)

h 2
e (@)

ﬁ‘* - 30-2%

[4
azk:'

«55.

e e




Graphs of a,, a,, b, and b, asa function of gn and « for v of 0,730 0
are plotted and are presented on Pages 86through 89,

4, 15 Short Circular Cylindrical Shell with Unequal Thickness lead Closures
of Ellipsoidal and Conical Shape

Thickness ka

Thickwness .

Q Q,
= 1—

Fig. 4.15.1. Short Circular Cylindrical Shell with Unequal Thickness
Head Closures of Ellipsoidal and Conical Shape under
Internal Pressure. The Forces and Moments are
shown in the Positive Sense above.

- _ - -
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\ 2 r“z 4 fa‘ 2r a 2r¢ s 4
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h
1{2-v ‘
where Al 2 - Tl.;(_T..) i A.'

- 1,22
Az--Zi-;Bl As
By
A,=-ypa
3 E; c A,
R __hS(Z-v)
4" fl; 8
. AlO
h
3,22
A =-Z_—pa
5 c
2 An
A :-‘..!_3.53
6" hpc Az
2
i a 4
Al3—-§(2-h1—-v) ﬁ
2p
_ %o
Apg =g~V -V o)
acZ
A __\/3(l-v)
18 Zﬂcahz
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The functions 2, through R, are identical to those defined in Case 4.7,

4.16 Short Circular Cylindrical Shell with Unequal Thickness Head Closures
of Hemispherical and Conical Shape’

r—"\'\u‘ckue.\s \-\,_
Q\ Q\ Qz Gl

M, § MM

2
>| N, “Thickness \\3

Thickness

Q
h‘ \

Fig. 4.16.1. Short Circular Cylindrical Shell with Unequal Thickness
Head Closures of Hemispherical and Conical Shape
under Internal Pressure. The Forces and Moments are
shown in the Positive Sense above.

The formulas for Ql’ QZ’ Ml’ and M2 for this configuration are identical to

those for Case 4.15 except that A, ; is now defined by

_ 1
Al3—--8-(l—V)
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Fig. 5.4 Variation of Juncture Bending Moments with Thickness Ratio e
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Unequal Thickness (to be used in conjunction with Fi g, 8.2
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Fig. 5.6 Variation of 02 with px
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Fig. 5.7 Variation of 2, with fx
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